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The non l inea r  conjugate  h e a t - t r a n s f e r  p r o b l e m  is solved by the method  of finite d i f f e rences .  The  
c o n v e r g e n c e  of the r e su l t i ng  f i n i t e -d i f f e r ence  s cheme  is ana lyzed .  

Conjugate  h e a t - t r a n s f e r  p r o b l e m s  a r e  r e c e i v i n g  e v e r  - i n c r e a s i n g  at tent ion.  The p r o b l e m s  of l iquid o r  gas  
flow pas t  a p la te  and of  fluid flow in a pipe have v e r y  b road  appl ica t ions  in eng inee r ing ,  and it is not  s u r p r i s i n g  
that  many  a t t emp t s  have been under taken  to find the i r  so lut ions .  An exhaus t ive  b ib l iography on the topic  m a y  
be found in [1, 2]. The  indicated  p r o c e s s e s  a r e  d e s c r i b e d  by a s y s t e m  of pa r t i a l  d i f ferent ia l  equa t ions ,  which 
a r e  of a v a r i e t y  of  types .  The  p r o b l e m s  turn  out to be r a t h e r  complex ,  and so main ly  l i nea r  equat ions  a r e  d i s -  
cu s sed  in the c i ted p a p e r s .  In the p r e s e n t  s tudy we pose  the p r o b l e m  of hea t  p ropaga t ion  in bodies  with d i f -  
f e r e n t  t e m p e r a t u r e - d e p e n d e n t  t h e r m a l  conduct iv i t i es .  The p r o b l e m  is solved by the method  of finite d i f f e r -  
ences .  We c o n s t r u c t  a f i n i t e -d i f f e r ence  s c h e m e  and ana lyze  i ts  p r o p e r t i e s .  

Le t  us cons ide r  the p r o b l e m  

aU, a 2 (p) a pZ, (u,) + [, (p, x), 0 < p < R; (1) 
Ox p Op 

Ul (p, O) = (z (p); (2) 

OU, (0, x) = O; (3) 
Op 

0 ~ (U2) § 1 0 O~ (Ud = I2 (,o, x), R < 0 < ~?t; (4) 
ax p Op ap J 

u2 (p, o) = ~ (e); (5) 

uz (p, l) = 7 (p); (6) 

U~ (R - -  0, x) = Uz (R --  0, x); (7) 

OUzel ~OU2 o=R+o" (8) 
(u , )  r =R-0 = (u2) , 

U2 (R,, x) --- 6 (x). (9) 

w In the cy l inder  0 -< x -< l, 0 -< p <- R we c o n s t r u c t  a gr id  of c i r c l e s  Pi = ih, whe re  R = Nh,  Rl = Nlh,  
and the s t r a igh t  l ines  Xk = k% k = 0 ,  1 . . . . .  i . e . ,  the l ines  x k = tcr i n t e r s e c t  the inner  wal l  p = R only at nodes  
of the grid.  

W e  use the fol lowing approx ima t ion  of the d e r i v a t i v e s :  

OU (Pi, x) U (p. x~_,) - -  U (p. x~) 
+ 0 (T); (lO) 

Ox "r 
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oo = ~ , p,+_~,+}.~ (u,+,.,+, - u,.,,+,) + o,_~?.,_..k (u,.,,+, - u,_,.,+,) + o  (h'), 

= , | (U,+i ~ --U,+i ~ i)l @O(~a). Ox t ox ~ 1~ .~+~. ( U ~ + , . ~ + ,  - -  U ~ + ,  ~)_ ~.~. ~ . . _ 

A t  p o i n t s  of the  c o m m o n  b o u n d a r y  O = R we a p p r o x i m a t e  cond i t ion  (8) wi th  r e g a r d  f o r  cond i t ion  (7): 

(11) 

(12) 

ou, I ~,z, (u,) ----~-t~=.:~_ ~ = ~ . _  ~_ ~ _ + . , _ ,  u . . - h u  " - ' "  . o(~,), (x a) 

OU,. [ Uu+,.,  - -  U,v.~, ' O(h). 
p ~  (U~) ~ �9 =P~v+ L h ~ v + L  ~ h v (14) 

I~4~+o ~ ~. 

I n a s m u c h  a s  h e a t  t r a n s f e r  t a k e s  p l a c e  in the 0 and x d i r e c t i o n s  and d o e s  not  depend  on the p o l a r  ang le  ~,  
i t  i s  s u f f i c i e n t  to  c a r r y  ou t  the  a n a l y s i s  in one c r o s s  s e c t i o n  r = c o n s t ,  i . e . ,  in the  r e c t a n g l e  D : 0 -< a -< R1, 
0 -< x -< l w i th  a cu t  a l o n g  the  l i ne  of d i s c o n t i n u i t y  p = R.  

The  s e t  of  g r i d  p o i n t s  be long ing  to D i s  deno ted  by Dh. We ob ta in  the  fo l lowing  d i f f e r e n c e  p r o b l e m  a p -  
p r o x i m a t i n g  (1)-(9) wi th  o r d e r  h + r :  

Yo.k - -  Y,.h = O, (15) 

, - -  "+ i@ ~ , % -  i-:- ,h--I ' Y - " -  -s T _ . - s -  

+, ' ,=  ,~ ,  ,~., { )Ta-~ l r , , .T ,a-2a , p  ~ . ,  , v,_,.~ �9 , .  . - -  

--- _ _  pi y i , j , _  l , _~( l ) - -  ~ l i , k ,  i = 1 . . . . .  N - -  1; (16) 

YN+t.k9^..___L~'u_~k--(9.v. ~ kz,,. ~ - - P .  : ~_ Y.v~,+ 
" ~ ' 2 ' " ~ -  = -  * - " - - ~ -  ; ~ ' " - ~ .  h )  

--  9N- -~  ~',V---~.hYN-- ,, h =- O; (17) 

h-' to,+~ ~.,++.y,+,.,-(o,++ ~,+4~ +~'-4  ~',-4 .") r''' + 
+P" -z - '  ~. _ ~. ,  v,_,.,,l - -  . : "  [~... '." .--~-, Y, ,, , - ( z  . , ,+~ - ~ . , , , . .  .. - ~ ' ) v ' "  + .  

+ YL~-,] = ti.k, i = N + 1 . . . . .  N,; 

Y t . ,  - ~ i ,  Y r  = "r i = N ~ 1 . . . . .  N i ;  Y x ~ . t  - 5~,. (19) 

w We i n v e s t i g a t e  the c o n v e r g e n c e  of the so lu t ion  of the d i f f e r e n c e  p r o b l e m  (15)-(19) to the  so lu t ion  of 
p r o b l e m  (1)-(9).  We denote  by e l ,  k the d i f f e r e n c e  be tween  the e x a c t  s o l u t i o n s  of p r o b l e m  (1)-(9) U(Pi,  Xk) and 
(i 5)- (I 9) 

Y~,~, - -  U ( ,% x,:) ---- ~ : ,  

We s u b s t i t u t e  (20) into (15)-(19) and expand  the c o e f f i c i e n t s  into s e r i e s  in p o w e r s  of q , k .  
ob ta in  a s y s t e m  fo r  the  d e t e r m i n a t i o n  of 

~c ,~  - -  s  " - O ;  

~'[1E ~ T / t " O Q  2 '. () I ,}. l E i _ i . i : - "  T / l - 2 a  2 I O ' ) - .  I ~' i_ t ,L- - -  
t -- -- ) ' : - -  ~ " r a m : 7  T ~ - I  i - - ~ - -  ' ~ - - - ~ -  L - - - ~ - . h - - I  

(21) 
- - [ P i -  T::-~( ~ , " ; )'i " k i -  " - 7 ' " - ~ -  .L~.  - a T  j ,o , )]~i 

- , , , i e l . . . _ l  - O ( h  - r ) ,  i - I . . . . .  N - -  1: 

A = ~ = o  , ). • ~" (o ' )' .v-'  - ;~ )" ' ) ~vh , . \  . - -  ' . c . V - - I  , k  . . . . .  , , . .  ' V - -  %-  % - , k  . V - - -  7- . V - - - y -  ,k  - " 
. 2 2 

- - p  , ; 0 ( t ~  - " r ) ,  
.k - - % -  , - \ _ _ ~ i  h s  - 

(2  0 )  

Using  (10)-(14) ,  we 
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. 'k3e = "C2/l-2f ~ I /-, I kE i_ l , t .  " I 2 1 t - 2 ,  ~ I X i , h 8 i . . t , t  ' _a 
i-:- T ~ = - o - '  i - - -4 -  i - -  2- 

~- ~ ei~. . t --  ~- I ei h_:---[~.. I '~ t~ ~ : 

:'---=- i : . ~ - . k  - -  P i-- 4 i - - ~  

i = N - -  1 . . . . .  IVi; 

~'i,o : 0, i = 0, 1, .. . ,  N, .. . ,  Nt; 

ei,~, : O, i -- N -'.- I , . . . ,  N t ;  

E N , . k  "-- O. 

(21) 

The s y s t e m  of equa t ions  (21) can be w r i t t e n  in the a b b r e v i a t e d  f o r m  

e o , l ~ - - e ~ . k  = 0 ,  e~.,. = 0 ,  i - -  N - =  1, . . .  , Nt ;  [ A I ,  i --- 1 , . . .  , N - -  1 

A~,e= 0(h- . -z ) ,  i =  l . . . . .  N t - 1 ;  A h--- :  |A2' i =  N (22) 
i 

e~. 0 = e.v.k -- 0, i = 0, 1 . . . . .  N 6 IA3, i = N + I ,  ... ,Nt--1.  

Invoking the p r i n c i p l e  of f r o z e n  coe f f i c i en t s ,  we ca lcu la te  the coef f ic ien ts  e i_ l ,k ,  e i + l , k ,  e i , k + t ,  e i ,k_ l ,  e i ,k  
a t  a c e r t a i n  f ixed point .  Then  p r o b l e m  (22) b e c o m e s  l i n e a r .  Let  us  e s t i m a t e  i ts  so lut ion.  To  do so we ve r i fy  
that  if 

A V  ~ -  A V i _ ,  ~, - BVi_t . I ;  • C V t , h . l  - -  D V i . h _ i  - -  ( A  -i B - -  C -:- D)  Vi~ ~ 0 (23) 

at  i n t e r i o r  po in t s  of the gr id  domain  Dh, then the m a x i m u m  (min imum)  value of V is a t t a ined  at  the boundary .  

We a s s u m e  that  the fo rego ing  a s s e r t i o n  is  f a l se  and that  the m a x i m u m  is a t t a ined  at i n t e r i o r  po in ts  of the 
comput ing  gr id .  We s e l e c t  f r o m  these  po in ts  the one at  which  the coord ina te  p is  l a r g e s t .  Let  that  po in t  be 
(Pro, Xn). We wr i t e  AV at this  point  in the f o r m  

A V = A ( V m _ , , - - V  ..... ) - -  B ( I / , ~ _ , , , - - V ~ . ~ )  - + C ( V  . . . .  , - - V m . ~ ) -  D ( V  . . . . .  , - - V , , , , ) .  

The f i r s t  e x p r e s s i o n  in p a r e n t h e s e s  is  s t r i c t l y  l e s s  than z e r o ,  and a l l  o the r s  a r e  -<0. Consequen t ly ,  AV < 0, 
c o n t r a d i c t i n g  condi t ion  (23). F r o m  this  v e r i f i c a t i o n  we a r r i v e  a t  the m a x i m u m  p r i n c i p l e  for  the so lu t ions  of 
the equa t ions  AV = 0: Al l  so lu t ions  of the equa t ion  AV = 0 a t t a in  the i r  m a x i m u m  and m i n i m u m  va lues  at  the 
boundary  of the doma in .  

R e t u r n i n g  to the d i f f e r ence  o p e r a t o r s  A1, A2, A3, we see  tha t  A 3 has  the s a m e  f o r m  as  A. It  fol lows 
f r o m  (21) that  C = 0 and D = 0 for  A 2 and that  C = 0 for  the o p e r a t o r  A 1. 

Hence ,  the m a x i m u m  p r i n c i p l e  holds for  the d i f f e r ence  o p e r a t o r  A h. We show that  the so lu t ion  S i , k  
of p r o b l e m  (22) s a t i s f i e s  the condi t ion  

max lel,( - - 0 (h .-  ~). 
i . k  

F o r  a s y s t e m  of the type 

Vi,~ = ~i,k, 

(Vi , , ,  - -  Vo.1,)/h = a::, 

AVi~ t. ~ -!- B V . _  l ,k -:- CVi .~_  l = DV~,~_ l - -  (A -~- B - -  C + D) Vi,~, - -  ch,~, 

with i = Ni ,  a r b i t r a r y  k; a r b i t r a r y  i ,  k = 0; or  a r b i t r a r y  i ,  k = K the fo l lowing bound has  been  obta ined  [3]: 

max iVy,k! .~ M, max iq~i:,,! - M z  max J%l - Ma max i~.~], (24) 
~.~ ~,~ ~,h ~,k 

where  the coef f ic ien t s  M1, M2, M 3 a r e  independen t  of h and T. In our  case  a N = 0, /3i, k = 0, ~0i, k = O(h + T). 
Us ing  (24), we obta in  

max ~,e:i.t,I - 0 (h -:- ~). (25) 
0 ~<i.<. ,\'t 
o k.~K 

E s t i m a t e  (25) has  been ob ta ined  on the a s s u m p t i o n  that  the coef f i c ien t s  a r e  ca l cu la t ed  at a f ixed point .  
Since (25) is  va l id  a t  a l l  po in ts  of the d o m a i n  Dh, the p r i n c i p l e  of f r o z e n  coef f ic ien ts  i m p l i e s  c onve r gence  of 
the so lu t ion  of the d i f f e r ence  p r o b l e m  (15)-(19) to the so lu t ion  of the d i f f e r en t i a l  p r o b l e m  (1)-(9) with o r d e r  
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h + r in D h. The o r d e r  of the s y s t e m  of d i f ference  equations (15)-(19) is equal to the number  of grid nodes,  
i . e . ,  N i • K. 

The s y s t e m  cannot be par t i t ioned into K independent s u b s y s t e m s  as in the solution of the hea t - conduc-  
tion p r o b l e m ,  due to the e l l ip t ica l  c h a r a c t e r  of the di f ferent ia l  equation in the annulus R < 0 < R1. Methods 
for  the solution of s y s t e m s  of the type (15)-(19) a r e  desc r ibed  in adequate detai l  in [4]. We the re fo re  omit  
any d i scuss ion  of the a lgor i thms  for  solution of the sy s t em of d i f ference  equat ions,  

~3. In s ta t ing the conjugate p rob lem (1)-(9) we have cons idered  all  the initial data for  the p rob lem to be 
known. It  is only requ i red  to de t e rmine  the t e m p e r a t u r e  at the cyl inder  wal ls  and in i ts  in te r io r .  It is a lso  
impor tan t  to cons ider  conjugate p r o b l e m s  in which,  along with the t e m p e r a t u r e  field,  it is a lso  requi red  to de -  
t e rmine  the s t rength  of a source  in the in t e r io r  o r  a t  the wall  of the cyl inder ,  the magnitude of a hea t - f lux  
jump,  etc.  We d i scuss  one case  of degeneracy  of p rob lem (1)-(9). We a s s u m e  that  at  the cyl inder  wall  heat  
t r a n s f e r  takes  p lace  only in the radia l  d i rect ion.  This  cons t ra in t  will have a ce r ta in  ef fec t  on the heat  flux 
inside the cyl inder .  I t  is n e c e s s a r y  to de t e rmine  the t e m p e r a t u r e  in the in te r io r  and at the wall  of the cyl in-  
de r  as  well  as  the hea t - f lux  jump a c r o s s  the inner  wall  of the cyl inder  p = R. We s ta te  the p rob lem 

OU----L-' = aZ (P------~) Ox p d - ~ [ P ~ " ( U ' ) O - ~ p ]  - F f " ~ ( p ' x ) '  Op O < p <  R, 

OU(O, x) =0 ;  U,(p, O)=~(p ) ;  
Ox 

p(p)  1 o [ p ~ ( v 2 )  ou~ ] (26) 
: T  

OU, I = p7.2 (U2) 0U2 [ + ~F (x), 
ph o = R - o  

U, (R - -  O, x) = U.~ (R + O, x), U2 (R,) = a = const. 

We seek a continuous function U(p, x) that is a solution of problem (26) and a function ~(x), continuous in 
the domain xE [0, ~o], such that (26) has a solution. Demanding satisfaction of the matching condition at the 

boundary p, we obtain 

u, (R, x) == u~ (R) = ~ (R). 

We f o r m  a d i f fe rence  scheme  by analogy with the p rocedu re  in w 

Yi .h  - -  Yo,k = O, 

p/ ~ X Yl+ih +Th-Za2  l 1 o i ~" ! Yi ! h - -  "rh-M21+-~l . + -  .+--,~ k-1 ' i -  T '-" -s ' -  T "  k--I - ' 

- - [ P i ~ - ' r ' h - 2 (  a2 I P~_ , Xi+ + a2 , P t ~" 1 )]YI.~, : - - P i Y i . h  - i - # - T [ ! I ) "  

Y i , o = q h ,  i -~0 ,  l . . . . .  Nt; 
(27) 

~ +  ~_ - -  " ~" l ) Y N  k Y " + ' , '  , + p  , 
~- h'+- -~ ,k- -I  N-- T A,---T,,~--]  

+ P , l ~" l YN--I  ,k : hZlt~h; 
^ - ~  N - - y ,  ~- i  

, ~ ,+ ,  Y,+i,~--(p , ~ + P  , ~" , ) Y , a , + P  , L , Y* ,h - -O;  
P~+~ -~,k i + T  +-{.k  i---s i -  ~-, i---s - T . k  - '  

Y N , k  = a. 

In the fourth equation of the s y s t e m  (27) ne i ther  the coeff icients  nor  the unknown function depend on x o r ,  hence,  
on k, and this index is  wr i t ten  to unify the notation, 

In the domain D h we obtain a s y s t e m  of N I x  K dif ference equations in N i x  K unknowns: 

'Fk, k = l  . . . .  , K; U~.~,  i = O ,  1 . . . . .  N - - l ,  k = l  . . . . .  K;  

Ui, i = N + l  . . . . .  N I. 
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A s an i l lustrat ion we examine the problem 

OU t _ 1 0 ![ U2__!OU~ ] , 0 .5 (p - -R)  2 --2(1-~-x) . . . .  R 
o~ o oo 1 o , # j T  [ l .5p~+l,5x(  p R)2],/3 

X, 
- -  p 

1 O [pu OU2 ] 
p 0p T =0 ,  R < p < 2 R ;  

OU, (0, x) __ 0, U, (p, 0) = ,~" 2R 2 In 2 -t- (1.5) 2/a R"3; 
0p 

U,(R--O,  x) = Uz(R + O, x), U2(2R) = ]/2R21n2 + (1.5)2/a R4/a ; 

OU, . OU2 
T = (x). 

0 < p < R ;  

It is required to find U{p, x) and ~(x). This problem has the known exact  solution 

U, = ~/II.5p 2 + 1.5x(p - -  R)2I 2, 

U2 = V'2RZln (p/R) + (1:5) 2/3 R 4-~, ~t' (x) = 0. 

To find an approximate solution we use the difference scheme (27) with h = 0.1, �9 = 0.04, and R = 1. We have 
car r ied  out the numerica l  computation on a B~SM-4 digital computer .  We give the values of Yi,k for K = 400: 
Y0,k = 2.8843, Y2,k = 2.4897, Y4,k = 2.0715, Ye,k = 1.6368, Ys,k = 1.2431, Y10,k = 1.1442o Y12,k = 1.2920, Y14,k = 
1.4083, Yl~,k = 1.5004, Y18,k = 1.5776, Y20,k = 1.6425. We have also made a compar ison of the Yi,k for  K = 
400 with the exact solution for x = 16. The e r r o r  turns out to be not grea ter  than 0.007. 

1. 
2. 

3. 
4. 
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EFFECT OF A BIPERIODIC SYSTEM OF PLANE 

ON A PLANE STEADY TEMPERATURE FIELD 

I. M. Abdurakhmanov  and B. G. A l ibekov  

INCLUSIONS 

UDC 536.24.02 

Determining the complex potential of a plane tempera ture  field perturbed by a biperiodic system 
of thin inclusions reduces to the solution of a singular integrodifferential  equation. 

1. Suppose that a plane steady tempera ture  field is per turbed by some finite sys tem of cuts (lines) Fn, 
n = 1, N. Each line may be taken to be, e.g. ,  a foreign inclusion (or crack) of sufficiently large extension 
(relative to its width), the thermal  conductivity k n of which differs f rom the thermal  conductivity k of the basic 
medium, taken to be the complex-var iable  plane z = x + iy. The set of all the lines F n is denoted by F = F 1 + 

. . .  +F  N. 

Consider the problem of finding the tempera ture  field per turbed by inclusions,  assuming that the t em-  
pera ture  in a homogeneous body (in the absence of inclusions) is determined by a given harmonic  function T0(x, 
y) = Re F(z). 

The complex potential of the per turbed tempera ture  field W(t) = T + ir where ~ is the cur ren t  function 
associa ted with the tempera ture  T,  will be found as the sum of a given function F(z) and a Cauchy-type integral  
of unknown density taken along the curve F 
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